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Formulation and Solution of Inverse Spaghetti Problem;
Application to Beam Deployment Dynamics

Janice D. Downer* and K. C. Parkt
University of Colorado, Boulder, Colorado 80309

A finite element model of the dynamics of axially moving, highly flexible beams is presented. The model is
based on a geometrically nonlinear beam formulation that allows for large overall motions. To account for the
varying length of a deploying beam, a moving finite element reference grid is incorporated within the nonlinear
beam formulation such that the number of finite element nodes remains fixed and the finite element length is
allowed to vary. Hamilton's law is used to formulate the equations of motion, and a transient integration
solution procedure is derived from a space-time finite element discretization of the Hamiltonian variational
principle. Computational results of the methodology are presented for a planar inverse-spaghetti problem.

I. Introduction

T HE dynamics of axially moving beamlike structures are
becoming increasingly important for the analysis of

spacecraft and large space structures that deploy flexible ap-
pendages such as antenna, stabilizing booms, solar arrays, and
long trusslike structures as well as for other applications such
as magnetic tape drives, printing machines, traveling cables,
and band saws. An extensive amount of research has focused
on the modeling of axially moving continua to analyze the
dynamic behavior of such structures. One of the most com-
mon models of axially moving continua that has received the
most attention is the traveling string problem. In what he
termed the "spaghetti problem," Carrier1 analyzed the mo-
tion of a string being accelerated upward into a fixed orifice.
In other works since then, analytical expressions representing
both linear and nonlinear vibrations of axially moving strings
subject to various support conditions have been derived.2'9
The dynamics of beamlike structures traveling between or over
fixed supports have also been studied to address industrial
applications such as high-speed tape drives and band saws.10'13

To address spacecraft applications in which antenna or other
long flexible structures are deployed from a host satellite, the
dynamics of a cantilever beam that is ejected from a single
fixed guide are modeled using Bernoulli-Euler beam theory in
Ref. 14. In a quite different approach, the extrusion of a beam
from a rotating base is modeled using a series of elastically
connected rigid links in which the number of rigid links are
continuously increased/decreased to account for deployment/
retrieval of the beam.15 General formulations of axially mov-
ing Bernoulli-Euler beam models cantilevered to a rotating
rigid host body have also been developed to study the effect of
appendage deployment on the attitude dynamics of orbiting
spacecraft.16"20 All of these given analyses are based on an
assumption of small elastic deformations. With the exception
of the discrete spring-mass model of Ref. 15, all of the other
models that have been referenced thus far use linear combina-
tions of space-dependent admissible functions of a time-vary-
ing length weighted by time-dependent generalized coordi-
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nates to represent the displacements of the axially moving
beams.

Advanced spacecraft and large space structures are becom-
ing increasingly flexible due to the ever present demand for
lightweight structures and the ever increasing size of the struc-
tures. To model the behavior of highly flexible structural
components, scientists must consider the possibility of large
deformations. For this reason, alternative approaches to the
deployment problem that move beyond the limiting assump-
tion of small elastic deformations have been presented in
recent works. In Ref. 21, the inverse of the spaghetti problem
was considered, and a continuum-based formulation of a non-
linear elastica being ejected from a fixed guide at a constant
velocity was developed to analyze the motion of a piece of
paper being ejected from a copy machine. In Ref. 22, the
discrete spring-mass model introduced in Ref. 15 was refor-
mulated in terms of the multibody dynamics order-ft al-
gorithms by introducing a variable n for the variable number
of links and allowing for unrestricted rotations of the links to
approximate large bending-type deformations.

To the best of our knowledge, there exists no general finite
element analysis capability for axially moving beams of vari-
able cross sections that are capable of undergoing large overall
motions. The objective of this paper is to present a finite
element approach to the beam deployment problem to provide
such a capability. The present analysis addresses the planar
motion of highly flexible beamlike structures being deployed
or ejected from a fixed base; a fully three-dimensional analysis
of beam ejection from an orbiting base is to be presented in a
future work. To allow for large overall motions, the present
model is based on the geometrically exact beam theories. The
geometrically exact beam theories have been presented in re-
cent works to model the dynamics of highly flexible beamlike
structures undergoing large overall motions.23'32 In these theo-
ries, the combined rigid-body and deformation motion of a
beam is modeled directly with one set of kinematic variables
defined with respect to a fixed frame of reference. Nonlinear
finite elements that can accommodate large relative displace-
ments between two material points within a beam have been
developed from the theory,24"27'29'30 and the finite element
models have been incorporated within computational solution
methods developed for multibody dynamic systems.30"32 By
incorporating this type of beam theory to model the deploy-
ment problem, significant advances in analysis capabilities can
be achieved relative to the formulations based on standard
linear representations of beam flexibility as the nonlinear the-
ories allow for large deformations as well as large overall
rotations.

In the present work, the deployment motion is accounted
for within the nonlinear beam theory by introducing a moving
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340 DOWNER AND PARK: BEAM DEPLOYMENT DYNAMICS

reference for the kinematic variables. This moving reference is
essentially a rigid phantom beam that continually extends with
a prescribed deployment speed in a fixed direction. To model
the varying beam length, a moving finite element reference
grid is employed in which the number of discrete points are
fixed and the length of each discrete beam element is allowed
to vary. A computational methodology incorporating the vari-
able reference grid is derived from a space-time finite element
discretization of a Hamiltonian variational principle. This
Hamiltonian-based computational formulation simplifies the
numerical treatment of complex convective accelerations that
result from the use of a moving reference.

To present the formulation, the rest of the paper is orga-
nized as follows. Section II presents the kinematics for the beam
deployment problem. The formulation of the equations of
motion from Hamilton's law is presented in Sec. III. The space-
time finite element discretization of the Hamiltonian formula-
tion is presented in Sec. IV. Section V then presents results of
the method for the planar inverse-spaghetti problem.

II. Beam Kinematics
In a geometrically exact beam theory, the complete motion

of a beam component undergoing both large rotations and
large deformations is described with respect to a frame of
reference fixed in space. This type of kinematic modeling is in
contrast to the conventional approach widely used in flexible
multibody dynamic formulations in which two sets of coordi-
nates, namely, reference and elastic coordinates, are defined
to model large overall motions of structural components; ref-
erence coordinates model the nominal location and orienta-
tion of the component rigid-body motion, and elastic coordi-
nates model small deformations of the components relative to
this moving reference using either assumed mode or finite
element methods.33'35 In the geometrically exact approach, the
kinematic variables implicitly contain information of both
rigid motion and deformations without distinction. Finite
strain definitions that are invariant to large rigid-body mo-
tions are then developed to define the internal force of an
elastically deformed and rotated component as standard linear
theories are no longer valid for kinematic variables that con-
tain large rigid-body motions. Along with invariance to rigid-
body motions, finite strain definitions model all nonlinear
effects such as coupled extensional, flexural, torsional, and
transverse shear deformations. In addition, any motion-in-
duced stiffness effects such as the centrifugal stiffness that is
experienced during a high-speed rotation of a flexible member
are automatically accounted for by the finite strain defini-
tions.

To introduce the geometrically nonlinear theory, a kine-
matic description for large rotational and deformational mo-
tions of a general nondeploying beam that is used in a number
of references is described as follows.23"26'29'30 A space-curved
line is introduced to represent the locus of material points
defining the beam centroidal axis, and a set of symmetric cross
sections are then associated with each material point on this
axis. Initially, the beam is straight and untwisted, and the
cross sections are perpendicular to the centroidal-axis. A set of
reference coordinates XT'= (X{9 X2, X3] are defined with

Deformed Beam

Tune • Dependent Reference Beam

Deformed Beam

Fig. 1 Spatial beam kinematics.

Fig. 2 Time-dependent reference for kinematic variables.

respect to a fixed inertial basis to represent the centroidal axis
of this initial configuration. As the beam deforms, this line of
centroids assumes a curved line in space, and the cross sections
independently assume a new orientation. As shown in Fig. 1,
a set of displacement coordinates u T = {Ui, u2, u3} is defined
to represent the inertial components of the displacement of a
material particle on the deformed beam neutral axis with
respect to the reference coordinates X. An orthogonal triad of
basis vectors (bi, b2, b3) is also assigned to each point on the
neutral axis to represent the orientation of the cross-section
with respect to the inertial reference frame. The axes b2 and b3
lie in the plane of the cross section, and the axis b\ is normal
to the cross section. The origin of the b-basis vectors coincides
with the centroid of the cross section. The orientation of the
cross section does not remain perpendicular to the centroidal
axis of the deformed beam due to transverse shear and tor-
sional deformations. An orthogonal transformation matrix R
defines the orientation of the b -basis vectors with respect to
the e -basis vectors defined to represent an inertially fixed
reference frame such that bt = /?#£/. The generalized displace-
ments of the beam model referenced to an undeformed fixed
configuration are thus a set of translational coordinates u that
represent the displacement of the neutral axis and a set of
finite rotational coordinates that parameterize the cross sec-
tion's orientation transformation matrix R.

To model beam deployment in this context, the undeformed
beam coordinates X are defined as a function of time X(t).
The time-dependent inertial coordinates X(t), which represent
a rigid phantom beam extending from a given point with a
prescribed velocity, are defined in a discrete sense as follows.
The total length of the rigid phantom beam at any instant in
time is defined from the integration over time of a given
function V(t) representing the prescribed deployment veloc-
ity. A fixed number of moving reference nodes X(t) are then
defined by spatially dividing the total current length of the
rigid phantom beam with an equal number of elements. As
shown in Fig. 2, the moving reference nodes are equally posi-
tioned between the free end and the boundary along a given
fixed direction. The discrete interpretation of the present anal-
ysis is thus based on a variable grid finite element approach in
which the number of finite element nodes remains fixed and
the length of each beam element is allowed to vary. A main
advantage of such an approach is that the dimension of a
discrete model remains fixed in size; this is in contrast to an
alternative approach that would employ a growing number of
finite elements of fixed size. In addition, the boundary condi-
tions that are essentially changing with respect to the structure
are imposed in a natural manner in the present approach as
one nodal point remains fixed at the boundary. The numerical
treatment of the variable grid finite element model will be
discussed in Sec. IV. The main point of relevance to the
present discussion on the kinematics and the derivation of the
equations of motion for the beam deployment problem is the
fact that the generalized displacements u and R are now de-
fined with respect to and are thus being transported with a set
of time-dependent reference coordinates with a prescribed
deployment velocity.

To define the velocity of a material particle within the beam
configuration, the velocity of transport of variables with the
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moving nodes as well as the instantaneous rate of change of
the variables must be taken into account. To this end, the total
time derivative of the displacement coordinates representing
the location of a material point on the deformed neutral axis
relative to the moving reference is defined as

Du du du (1)

where

p2w= . d^u

D2d d20

82u
VA+V-—— (9)l a i>2 ~ ' <\ \> v '

^ + ̂ F (10)
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where du/dt represents the particle velocity as measured by an
observer moving axially with the beam, Vf(t) = dXf(t)/dt rep-
resents the prescribed transport velocity of the reference coor-
dinates, and Du/Dt is the total particle velocity as measured
by a fixed observer. In the same manner, the total angular
velocity of a particular cross section associated with the neu-
tral axis material point is defined as

= a, + Vt(t)ki (2)

where a? is the instantaneous angular velocity of the cross section
as seen by an observer traveling with the beam, and &/ is the
curvature of the basis vectors attached to the cross section.
The angular velocity and curvature vectors are defined in the
b-basis from the following skew-symmetric tensors:

8R 8R
(3)

For planar motion, the nonzero angular velocity component is
given as

D0
(4)

where 6 is the planar rotation angle that orients the b -frame
with respect to an inertial reference frame such that

R =
cos 0 sin B 0

- sin B cos 6 0
0 0 1

The position vector locating an arbitrary material point
within the deformed planar beam configuration can be de-
scribed as

r = [X(t) + u]Te (5)

where the notation e = [e\, e2)5rePres_ents_trie basis vectors of
the inertial reference frame; X7 = [X\, X2] represents the
inertial components of the reference neutral axis position;
u T = { MI, 1/2) represents the inertial components of the neutral
axis displacement, and £2 is the distance from the beam neutral
axis to an arbitrary material point located on the beam cross
section. Likewise, the velocity vector for this material point is
given as

(6)

and the variation of the position vector defined in the classic
sense of variational calculus as an arbitrary and infinitesimal
change in the configuration consistent with the imposed con-
straints at a fixed instant of time is given as

dr = (7)

To complete the kinematic description, the acceleration vector
for the material particle is given as

D2r D2u\T D2<9 D02

III. Equations of Motion
From this discussion of the kinematic representation of

axially moving beams, we move to a discussion of a suitable
formulation of equations of motion for this problem. A fun-
damental principle of mechanics suited for the application of
finite element solution techniques is the principle of virtual
work given as

p6r • r + o* : —- - dr -fe )d& =
ox

dr -t dS (U)

In the previous equation, o6 is the Cartesian components of
the Cauchy stress tensor; x the particle position after some
deformation has taken place, $ the volume of the deformed
beam, p the mass density, dr a kinematically admissible virtual
displacement, f the acceleration of a material particle, fe the
external force per unit mass, and t the stress vector acting on
a surface S .

The principle of virtual work is widely used as a variational
source for spatial finite element approximation methods. Ap-
plication of these techniques to the present analysis will be-
come somewhat complicated due to the previous expression of
the virtual work of the inertia forces. As seen in Eqs. (9) and
(10), this expression will contain second-order spatial deriva-
tives as well as coupled spatial/temporal derivatives in addi-
tion to the second-order time derivatives as a result of the
moving reference for the dynamic variables. As such, higher
order spatial finite element approximation functions must be
employed to form the discrete equations than would have been
necessary for a standard fixed reference formulation.

A more natural formulation that readily leads to an attrac-
tive computational solution for this type of problem can be
derived if Hamilton's law of varying action is used to formu-
late the equations of motion. Hamilton's law is a weak or
variational form in time of the principle of virtual work that
transforms the virtual work of the inertia force to first-order
form. From this variational statement, a finite element dis-
cretization in time can be applied simultaneously with a dis-
cretization in space to achieve an attractive numerical treat-
ment of the inertia force of the deploying beam.

To derive Hamilton's law, the principle of virtual work is
integrated over an arbitrary time interval ti<t<t2 such that
the acceleration term can be integrated by parts to lead Eq.
(11) to the form

ddr s ,pr -or — o6 : —— + or •/
OJC

pr • dr d$

dt

(12)

for the present analysis of traction-free surfaces. For the pre-
sent deployment problem, the inertia term that must be inte-
grated by parts involves the material time derivative definition
(6) and a spatial integration over a time dependent volume &(t)
as

DV
p— - -dr d$ dt,

D^
Dt

d_
'' dt

_d_
ldXî  (13)

It can be shown that, by performing a proper interchange of a
time derivative and a time-dependent spatial integral as dic-
tated by the Reynold's transport theorum,36 Hamilton's law
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can be extended to address the present moving reference for-
mulation as

Dr D«3r
'"5* "57

Dr
°W

ddr
dx

(14)

A discussion of the form of the individual terms within this
expression in consideration of the beam kinematics variables is
given as follows.

The term representing the internal force of a deformed
beam

ddr
dx ( (15)

is based on the true Cauchy stress representation in which the
current deformed beam is used as a reference for all stress and
strain measurements. The present formulation is in contrast to
a Lagrangian-based approach common within many large ro-
tation/large deformation beam analyses where the stresses and
strains are measured with respect to the initial undeformed
configuration of the beam.23'28 Although these Lagrangian
formulations are mathematically sound, the Cauchy formula-
tion is based on stress/strain definitions that have physical
meaning. In recent work by the present authors, a convected
coordinate Cauchy-based finite element formulation was de-
veloped to model large deformation/large rotation beam dy-
namics for multibody dynamic applications.29"31 In the present
work, this convected-coordinate formulation will be used to
model the internal force within the deploying beam compo-
nent.

A brief overview of the convected coordinate Cauchy-based
formulation for geometrically nonlinear beam analysis is given
as follows. The Cauchy stresses and strains are decomposed
with respect to convected coordinate directions, shown in Fig.
3, which are defined to lie tangent and perpendicular to the
neutral axis of the deformed beam. The convected basis vec-
tors a - («i, «2> #3) differ from the b -basis vectors due to the
effects of transverse shear and torsional deformation. The use
of a convected frame decomposition of a Cauchy stress repre-
sentation is motivated by a desire to have a physically mean-
ingful description of the beam deformations that will be con-
ducive to future research involving active control of flexible
multibody systems with deployable appendages. The con-
vected reference frame coincides with the coordinate direc-
tions of physical strains measured from sensors located and
operating on a deformed structure and actual forces to be
applied by actuators to induce stress within the deformed
structure. As an example, distributed sensors and actuators
can be formed by bonding piezoelectric materials to the longi-
tudinal surfaces of a beam component. A voltage applied in
the longitudinal direction of a piezoelectric material bonded to
the beam surface causes both a longitudinal stress in the
direction of the deformed neutral axis of the beam and a
bending moment about an axis normal to the deformed beam

Defamed Beam

Reference Beam

Fig. 3 Convected reference frame.

neutral axis as the net force in the piezoelectric layer acts
through the moment arm from the midplane of the layer to the
neutral axis of the beam. Such induced and measured stresses
physically coincide with the convected frame Cauchy stress
model, and this has motivated the use of this particular formu-
lation.

The virtual work of the internal force of a deformed beam
can be expressed in terms of convected frame stress tensor
components 0%, convected frame spatial coordinates f/, and
the convected frame transformation tensor 7// as

(16)

This can then be written as

(17)
{(/)

where dy is the convected frame components of the membrane
and transverse shear strains, 6/c the bending strain, Ny and MK
the conjugate resultant stress forces and moments per unit
length, respectively, and £ the convected coordinate tangent to
the beam neutral axis. From the derivation in Ref. 29, the
virtual strains are given in terms of the beam kinematic vari-
ables for the present planar analysis as

0 8dO
(18)

The constitutive laws used within the present formalism to
deduce Ny and MK are given as follows. A convected coordi-
nate decomposition of the Truesdell constitutive law, which
relates an objective Cauchy stress-rate tensor to an energeti-
cally conjugate strain rate tensor, leads to the following resul-
tant stress-strain relations for the planar analysis

EA MK = Elk (19)

where EA is the axial stiffness, GA the shear stiffness, and El
the bending stiffness. The energetically conjugate strain rate
definitions introduced in Eq. (19) are of the same differential
operator form as virtual strain definitions given in Eq. (18).
The numerical implementation of the previous elastic constitu-
tive law is straightforward as a result of the convected coordi-
nate decomposition; the beam resultant stresses at time
tn+ !are obtained from the stresses at time tn via the following
additive stress update procedure:

Nn+l=N" (20)

(21)

where Ay and AK are incremental strains numerically deduced
from the corresponding rate definitions in a manner that is
computationally invariant to any large rigid motions con-
tained within the kinematic variables. From this overview, the
internal force term within the Hamiltonian equations of mo-
tion is given as

Further details of the formulation and computational imple-
mentation of this convected coordinate Cauchy formulation
for large deformation/large rotation beam dynamics are given
in Refs. 29-31.
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The terms within Hamilton's law representing the inertia
forces of a deploying beam are given as

t l m Dt
.(23)

6W

The first expression, Eq. (23), will be referred to as the interior
inertia term, and the second expression, Eq. (24), will be
referred to as the boundary inertia term. In these expressions,
the notation u has been employed to represent the two neutral
axis displacements and the angular orientation as UTs {u\, u2,
6}, and M represents the area and inertia properties of the
beam cross section as

M = diag {m, m, J]

m = p dA, J=\ pP2dA
JA JA

where A is the area of the beam cross-section.
The convective velocity terms can be expressed in terms of

convected sp_atial coordinates f/ as opposed to the inertial
coordinates Xf introduced in Eq. (1) as

Du _bu_
~Dt=~di (25)

Now the nodal displacements u locating the deformed neutral
axis are solely a function of the a\ convected coordinate that is
tangent to the deformed neutral axis £ s fi- Likewise, as the
plane of the cross section strictly rotates without any warping
deformation, the nodal orientations 0 are also solely a func-
tion of the convected tangent coordinate £. As such, the total
velocity definition can be simplified to

(26)

when applied to the present kinematic description given in Eq.
(5). This latter velocity expression is preferred as it is consis-
tent with the present beam formulation that is based on con-
vected coordinate stress and strain definitions. In this manner,
a consistent finite element approximation of the spatial deriva-
tives within both the inertia and internal force terms can be
achieved.

The final term within the Hamiltonian equations to be
discussed corresponds to the external force acting on the beam
component. One application of the present analysis is the
inverse spaghetti problem in which a very flexible beam is
ejected from a rigid horizontal guide into a uniform gravita-
tional field. For this case, the external force is simply

drA d#dt= \ \ pAuig d£ dt (27)
i

where g is the acceleration due to gravity at the earth's surface.

IV. Space-Time Discretization
of Hamiltonian Equations

From the Hamiltonian equations of motion, an accurate
numerical solution procedure is derived from a simultaneous
finite element approximation over both the space and time
domains. To this end, the generalized displacement u is ap-
proximated between two points in space £1 and £2 and two

points in time t\ and t2 by the following bilinear function in
space and time as

(28)

where

and the notation u^ corresponds to the value of u at a spatial
nodal position £/ and the point in time tj. The discrete values
u'^ are defined with respect to the moving coordinate AT/Oy) of
the rigid phantom beam that is prescribed throughout the
simulation as a function of the deployment speed. The linear
C0 continuous approximating functions employed in Eq. (28)
for both the spatial domain £ and the time domain t are
sufficient for the present analysis as the spatial and temporal
derivatives within the Hamiltonian variational statement are
no higher than first order. With the approximation (28), the
Hamiltonian variational equations can be transformed to a
finite set of algebraic equations to be solved for the unknown
nodal variables u*/. The resulting algebraic equations are non-
linear due to the geometrically nonlinear beam analysis, and a
Newton-Raphson iteration algorithm is required for their so-
lution.

The algebraic equations take the following form.The inte-
rior inertia term Eq. (23) within the Hamiltonian variational
statement is approximated as

f'2 f (duT du\T fddu ddu\
— + Va— } M\ — + v°—— d£ dt

J / , V \ 3 ' d£/ \dt ^

(29)

In this expression, the subscript d on the variables u*j9i = 1,2,
represents the generalized displacements (MI, u2y 6) at the given
time stations tf for the entire set of n% spatial finite element
nodes used to discretize the deploying beam length. The terms
An,Ai2,A2i, and A22 are (3«|) x (3«?) block matrices given as

A22 = A/i - M2 -h

-M34

-
4

-
4

(30a)

(30b)

(30c)

(30d)

where the matrices M:, i = 1, 3 are derived from standard
displacement finite element evaluations of the terms

(31a)

(31b)

(31c)
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obtained from a linear spatial approximation

(32)

for the displacements ft as well as for the variables 6«, Va\
u = du/dt, and 5u.

The boundary inertia term Eq. (24) within the Hamiltonian
variational statement is evaluated as follows. The term is first
rewritten as

1(0

Du—

where

(33)

(34)

is the vector of generalized momenta. To achieve a correct
numerical evaluation of the boundary term, the expression
(33) is evaluated exactly in the time domain and is approxi-
mated only in the spatial domain. As such, the approximation
of the boundary inertia term is given as

£(0

-C'1

0 C'2
(35)

where the matrix Ctl is obtained from a standard finite element
evaluation of the spatial integral over the length £(f/) given in
Eq. (33) using the linear finite element approximations

for the virtual displacements (dutl and 6w'2^ and the generalized
momenta (Pfa and P^). The evaluation of this boundary term
with a discrete momentum variable is necessary to achieve an
unconditionally stable time-domain integration scheme from a
discretization of Hamilton's law.37'38 The evaluation also pro-
vides an exact discrete interpretation of the impulse-momen-
tum principle and thus recovers the momenta at the end of
each time step based on physical principles.

The space-time finite element approximation of the internal
force is given as

In this expression, Su represents a nonlinear spatial finite
element evaluation of the internal force of the beam as

(dyT (37)

The nodal internal force Su is a nonlinear function of the
nodal displacements and rotations u'J and u^. The computa-
tion of the nodal internal force Su from the generalized nodal
degrees of freedom u*} at a given point in time is presented in
previous work of Downer,29 Downer et al.,30 and Park et al.31

In deriving Eq. (36), reduced one-point integration methods
were employed to evaluate both the integration over the
changing spatial domain and the integration over the time
interval. As a result, the factor h/2 where h = t2 - t\ appears
in the approximation, and Su is evaluated at the mid-point in
time th = ti + h/2 using nodal displacements and rotations ufy
that are the average of u'J and u%. In general, it has been

shown that an exact evaluation of the space-time finite ele-
ment approximation for the basic kinematic or primal form of
Hamilton's law employed within leads to conditionally stable
time integration algorithms such that small step sizes may be
required to achieve accurate results.37'39'41 This type of behav-
ior is similar to the locking phenomenon witnessed during the
use of certain elasticity finite elements for static analysis that
has been attributed to inconsistencies in the order of approxi-
mation of various strain energy terms. As with the locking
phenomenon, it was discovered that inaccurate reduced inte-
grations in time of the higher order terms will lead to uncondi-
tionally stable time integration algorithms. Space-time finite
element discretizations of a mixed form of Hamilton's law
have also resulted in algorithms with unconditionally stable
numerical behavior.40'41 The former approach has been adopted
in the present analysis.

A brief overview of the computation of the nodal internal
forces Su is given as follows. A set of incremental constant
element strains are computed from a set of incremental dis-
placements and rotations defined for the planar case as

(38)

The incremental strains approximate an integration of the
strain rate definitions over a single time step in a manner that
is invariant to any rigid motions experienced by the system.
Given the computed incremental strains, the resultant stresses
are obtained via an appropriate stress update procedure given
in Eqs. (20) and (21), and the element internal force is then
formed from a spatial finite element discretization of the
strain-displacement operator. For each finite element, these
incremental strains and resultant stresses are computed with
respect to a convected reference frame defined within the
element. For two-noded constant strain beam elements, the a\
tangent axis of the convected reference frame lies along the
straight line connecting the two element nodes.

It is important to note here that in the present moving node
formulation the coordinates if^ and i/j are defined with re-
spect to different spatial grids; the coordinates u^ are defined
with respect to the nodes X(t\), whereas the coordinates u% are
defined with respect to the nodes X(t2). Before averaging these
coordinates for the one-point integration evaluation, the coor-
dinates u^ must be extrapolated to the grid X(t2). This extrap-
olation is also necessary for the stress update procedure as the
incremental displacements must also be computed from vari-
ables defined on a consistent grid. To this end, the displace-
ments ulj are extrapolated to a new value u'j ' defined relative
to the grid X(t2) as follows. The first node of the phantom
beam remains fixed at a defined origin such that
X&i) = Xi(t£, and thus u{1' = fi}1. From this first node, the
rest of the displacements of the finite element model can be
sequentially obtained for the remaining spatial nodes
/ = 2,. .. , n% contained within u^ as

+ ^r( (39)

where (^ represents the length between two nodes of the phan-
tom beam at the given instant of time //; this length is auto-
matically prescribed for a constant deployment speed V as

(40)

where «ele is the fixed number of variable length finite ele-
ments. This extrapolation scheme was developed such that the
element convected reference frames, which lie along the
straight line connecting the two nodes of an element in the
deformed beam state, defined by the extrapolated nodal posi-
tion coordinates X(t2) + u^ ', are identical to the convected
reference frames that were computed from the original de-
formed position coordinates X(t\) + u£. With this particular
scheme, the incremental convected frame stress update proce-
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dure is oblivious to the extrapolation.This is important when
implementing the previously developed internal force compu-
tation for the present beam deployment analysis using variable
length finite elements.

To complete the discrete approximation, the external body
forces acting on the beam are derived in a manner similar to
the internal force as

(41)

where FG corresponds to a standard displacement finite ele-
ment evaluation of

(42)
£(0

using a linear displacement, Eq. (32). As with the internal
force evaluation, a one-point Gaussian integration in time is
employed to arrive at Eq. (41).

By combining all of the approximations, namely, that of the
interior inertia term, Eq. (29), the boundary inertia term, Eq.
(35), the internal force term, Eq. (36), and the external force
term, Eq. (41), we arrive at the following set of algebraic
equations:

~ (43)

(44)

which represent the space-time discretization of the Hamilton
variational statement.

This space-time finite element discretization of the Hamil-
ton variational statement leads to the following step-by-step
implicit time integration algorithm. It is readily seen that,
given a set of initial conditions for the discrete generalized
displacements tifj and the generalized momenta P*rf, the first
set of equations, Eq. (43), can be solved for the generalized
displacements at the time t2. Given this solution for fi$, the
second set of equations, Eq. (44), can then be solved for the
generalized momenta PUd at time t2. These new solutions can
then be used as initial conditions for the next step in time, and
the process can be repeated to give a one-step implicit time
integration algorithm.

As the first algebraic equation is nonlinear due to the finite
deformation beam model, a Newton-Raphson iterative proce-
dure must be employed to obtain the solution for the general-
ized displacements u%. To this end, a linearized set of equa-
tions

(45)

where

rU(k} = AnHJ + l2tto - ~U(k) ~G(k}

is the residual errors of the algebraic equations (43) at the
solution u$(k) obtained for the £th iteration, and

(46)

is the tangent solution matrix. The term Ks represents the
tangent stiffness matrix for the nonlinear internal force term

and this tangent stiffness matrix is derived in Ref. 29. Given
the solution matrix E for the Newton-Raphson iteration pro-
cedure, the linearized equations are solved at each iteration for
incremental displacements Aw^2. These incremental solutions
are then used to update the displacements u'fa for the next
iteration via

(47)

and the procedure is repeated until a converged solution for ifj
is found. Given a solution for u%, the generalized momenta
PJ? can then be found from a direct solution of Eq. (44). These
solutions, namely, the generalized displacements u*j and the
generalized momenta P^2, then become the initial conditions
for the next step in time.

V. Results
We now give some numerical results of the proposed formu-

lation and computational solution procedure. To illustrate the
capabilities of the present procedure, a simulation of a beam
being ejected from a rigid horizontal guide into a uniform
gravitational field as shown in Fig. 4 is presented as follows.
In this example, the beam material parameters of
pA = 5.9 x 10-5 lbm/in., EA = 939 Ib, GA = 450 Ib, El -
0.7825 Ib in.2, and total length t = 11 in. when fully deployed
are chosen. These parameters are chosen to model a beam with
flexibility on the order of that of a sheet of paper. Such an
analysis simulating the ejection of a piece of paper from a
fixed guide was performed in Ref. 21 in which the end orbits
of a nonlinear elastica model issuing from a rigid horizontal
guide at a constant velocity into a uniform gravitational field
are presented. In this particular reference, a dimensionless
weight-to-stiffness ratio /x = mg(4/EI and a dimensionless ve-
locity v = VI^ImVEI where m is a mass per unit surface area,
g is the acceleration of gravity, £is the total length, and El, the
bending stiffness, and V, the constant ejection velocity, are
used to parameterize the elastica model and the end-orbit
solution. The beam parameters just given were chosen to
coincide with the value of /x = 50 used in Ref. 21 to model the
flexibility of a sheet of paper. The so-called beam end-orbit,
or the x-y coordinates of the beam tip throughout the deploy-
ment, as obtained by the present algorithm are shown for the
dimensionless ejection velocities of v2 = 100, 50, and 20; these
parameters correspond to an actual velocity of V = 92, 65,
and 41 in./s, respectively. The results obtained from the pre-

Fig. 4 Beam deployment from a fixed guide.

—•--•••- V = 92 in/sec
——— V = 65 in/sec
——— V = 41 in/sec
—-——— Static Deflection
——— Ref. 21 Results

0.2

Fig. 5 Beam end orbits for various deployment speeds.
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a) b)

c) s l d)
Fig. 6 Beam motion history for various deployment
V = 92 in./s; b) V = 65 in./s; c) V = 41 in./s; and d) V ••

speeds: a)
= 20 in./s.

a) b)
Fig. 7 Free-fall motion history after beam ejection: a) V = 120 in./s;
and b) V = 41 in./s.

- V = 80 in/sec
- V = 40 in/sec
- V = 20 in/sec
- V = 10 in/sec
- Static Deflection

0.0 0.2 0.4 0.6 0.8 1.0

x/l

Fig. 8 Beam end orbits for various deployment speeds.

sent formulation are compared with the results of Ref. 21 in
Fig. 5 where the end-orbit trajectories normalized by the fully
extended beam length (x/t, y/t) have been plotted. The static
deformation of a fully extruded cantilevered beam in a uni-
form gravitational field is also plotted to show the amount of
flexibility within the beam and elastica models. In obtaining
the present results, six variable length finite elements were
used to discretize the beam throughout the deployment, and a
cantilever boundary condition was used at the node fixed at
the point where the beam ejects from the guide. Nine fixed
length constant strain finite elements were used to obtain the
static deformation shape. The present nonlinear Timoshenko
beam model exhibits deflections that are slightly smaller than
the elastica model of Ref. 21; this difference is most pro-
nounced at the slower deployment speeds and the static deflec-
tion. For the present formulation, an animated history of the
beam deformations throughout various stages of the deploy-
ment are shown up to the point when the beam reaches its
final length for the various deployment velocities in Fig. 6.
In this figure, the deformed beam shapes labeled s correspond

c) -̂  d)
Fig. 9 Beam motion history for various deployment speeds: a)
V = 80 in./s; b) V = 40 in./s; c) V = 20 in./s; and d) V = 10 in./s.

-4.0

-6.0

-8.0

-10.0

-6.0

-8.0

-10.0

Time (sec) Time (sec)

Fig. 10 Beam tip deflections vs time.

to the static shape of a fully extended cantilevered beam, and
the increment times between the deformed shapes shown in
this figure are 1) 0.012 sec, 2) 0.02 sec, 3) 0.024 sec, and 4) 0.06
sec. The cantilevered boundary condition is removed at the
point the beam becomes fully ejected. In Fig. 7, the animated
history of the beam motion is extended to show the free-fall
motion of the beam after it has left the guide. The incre-
ment time between the deformed shapes shown in this figure is
0.03 sec.

A second example is given in which the Young's modulus E
has been increased by a factor of 10. In the same manner as in
Fig. 5, the normalized beam end orbits throughout the deploy-
ment are plotted along with the static deformation shape for
this second case in Fig. 8. The animated history of the beam
deformations up to the point the beam first reaches its full
length is given for various deployment speeds in Fig. 9. In this
example, the left beam boundary is kept cantilevered both
during and after the deployment stage. To show the beam
response both during and after the deployment phase, the
beam tip deflection is plotted vs. time for various deployment
speeds in Fig. 10.

VI. Concluding Remarks
An effective finite element method has been developed to

model the axial deployment of highly flexible beams. The
method is based on a geometrically nonlinear beam formula-
tion presented by the authors in Refs. 29-31. A moving finite
element reference grid is incorporated within the nonlinear
beam formulation to model the deployment motion.The com-
putational methodology is then derived from a space-time
finite element discretization of Hamilton's law of varying
action. To incorporate the moving node formulation within
the internal force computational procedure, the solutions of a
past configuration are appropriately extrapolated to the grid
representing the current configuration. The present analysis
addresses the planar motion of highly flexible beamlike struc-
tures being deployed or ejected from a fixed base; a fully
three-dimensional analysis of beam ejection from an orbiting
base is to be presented in a future work.
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